Riemann-Stieltjes Integration

The classical Riemann integral (Bernhard Riemann 1826-1866) of ordinary calculus has
many applications including the computation of areas between two curves, volumes of solids of
revolution, arc length, work performed by a variable force, hydrostatic pressures, moments and
centers of mass, consumers’ surplus, present value of future income, expected values, and variance.
In this unit we investigate a generalization of the Riemann integral called the Riemann-Stieltjes
integral (Thomas Joannes Stieltjes 1856-1894) . That is, a special case of the Riemann-Stieltjes

integral s the Riemann integral of ordinary calculus.

Definition 75
Let fbe a bounded function on [a, b], o a nondecreasing function on [a, b], and P a partition of
[a,b]. If
M = b fix) (k=1,2,3,..,n)
x€[x,_1,%;]
and
m, = glb flx) (k=1,2,3,.. ,n),
x€[x,_y,x;]
then the upper Riemann-Stieltjes sum of f with respect to a on [a, b] is defined by
RS*(f,0,P) = E M, (a(xk) - a(xk_l))
k=1
and lower Riemann-Stieltjes sum of f with respect to a on [a, b] is defined by

RS (f,a,P) = E m, (a(xk) - a(xk_l)).

k=1

Since f'is a bounded function, all M, and m, are finite. Hence, the upper and lower Riemann-

Stieltjes sums are well-defined real numbers. Observe that if fis a nonnegative, continuous function

KEJ 106



on [a,b] and a(x) = x, then RS'(f,0,P) and RS (f,a,P) are the sum of the areas of the

circumscribed and inscribed rectangles induced by the partition P relative to the curve y = f(x)

over [a,b].

Example 52
Let fix) = -8 + 6x - x? on [2,5] andlet P = {2, 2.6, 3, 5}.

1. If a(x) = yx, then

and

2. If

then

n

RS (fouP) = 32 M, (a(v) - a(s))

k=1

f2.6) (a(2.6) - a(2)) + f3) (3) - a2.6) + f3) (a(5) - a3))
0.79013633716

e

m, (a(xk) - a(xk_l))
k-1

= f0) ((2-6) - a(2)) + f2:6) (a(3) - a(2:6) + f5) (a(3) - «(3))
~ -11.803892979.

RS (f,0,P)

2 ifx <3.75

ax) = ;
x ifx >3.75

RSP = 5 M ate) - aty )

f2.6) (a(2.6) - a(2)) + f3) (3) - a2.6) + f3) (a(5) - a3))
3

n
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and

n

RS (f,a,P) = E m, (a(xk) - a(xk—l))

k=1

S0) (0(2.6) - a(2)) + f2.6) (x(3) - a(2.6) + f(5) (a(5) - w(3))
-9.

Q

Theorem 76
Suppose f maps [a, b] into [m, M] and « is nondecreasing on [a, b].
(1) If P is a partition of [a, b], then
m (a(b) - a(@) < RS (f,0,P) < RS (f,a,P) < M (a(b) - a(a)).
(2) If the partition Q is a refinement of the partition P on [a, b], then
RS (f,a,P) < RS (f,0,0) < RS"(f,0,0) < RS (f,0,P).

3) If Pand Q are any two partitions of [a, b], then

RS~ (fa,P) < RS*(£,0,0).

Proof

(1) Since m < m, < M, < Mfor k=1,2,3,...,n,

n

m(aubd) - a@) =Y, m (a(xk) - a(xk_l)) (telescopes)
k=1
< m, (a(xk) - a(xk_l))

< M, (a(xk) - a(xk_l))

< M (a(xk) - oc(xk_l)) (telescopes)

= M (a(d) - o(a)).
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The desired result is established.

(2) First, we suppose that Q contains exactly one more point than P. Let this point x * be such that
X <x < X; for some particular value of j. Then

n

RS (f,a,P) = E m (a(xk) - “(xk-1)

—

n

my, (a(xy) - ax, ) + m () - o)) + kzl my (a(x,) - ax, )
=

1l
~.

T
N

m, (a(xk) - a(xk_l) + mj(a(x M) - a(xj_l)) +

k=1
mj(a(xj) -alx *)) + 2 mk(a(xk) —a(xk_l)
o
-1
< Y my (alx) - olx, ) + ( inf f(x)) (a(x ) - a(xj_l)) +
k=1 xe[xj_l,x*]
( inf /(x)) (aG) - o) + 30 my(als - als, )
xelx ") =p
= RS (f,0,0).

By a mathematical induction argument on the number of extra points in Q, we have that
RS (f,a,P) < RS (f,0,0).

In a similar fashion, one can prove that
RS '(f,0,0) < RS '(f,a,P).

(3) Let T'be a common refinement of the partitions P and Q. Then by parts (1) and (2), we have
RS (f,a,P) < RS (f,0.7) < RS*(f,a,T) < RS*(f,a,0). &

Definition 77

Let fbe a bounded function on [a, b] and let o a nondecreasing function on [a, b]. Then we

define the upper Riemann-Stieltjes integral of f with respect to o over [a, b] by

Ufbfda = glb RS*(f,0,P)
a P
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and the lower Riemann-Stieltjes integral of f with respect to a over [a,b] by

Lfbfda = lz;b RS~ (fa,P).

It U f b fdoa =L f b f da, then we say that fis Riemann-Stieltjes integrable with respect to a

over [a,b] and we denote this common value by

fabfda ( = fabf(x) do(x) )

We call the function f'the integrand and the function o the integrator. In the special case that

a(x) = x, we simply say that fis Riemann integrable. By convention, if a < b, then we define

fb“fda = - f”fda
and

f“fda = 0.
Theorem 78

Let fbe a bounded function on [a, b] and let a a nondecreasing function on [a,b]. Then

m (ab) - o(a)) < Lfabfd < Ufabfda < M (a(b) - a(a)).

Proof

We only prove that

Lfbfds Ufbfda.

By part (3) of Theorem 76, if P and Q are any two partitions of [a, b], then
(*) RS (f,0,P) < RS*(f,0,0).

Fix the partition P. Taking the greatest lower bound of the right hand side (*)as Q varies over all
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possible partitions Q of [a, b] yields

(**) RS (f,0,P) < glb RS*(f,a,0) = Ufbfda,
o a

Now, taking the least upper bound of the left hand side of (**) as P varies over all possible

partitions of [a, b] we obtain

Lfbfda < Ufbfda. R

In the next example we show that both strict inequality and equality may occur.

Example 53
1. Let
1 ifxe Q@
fx) =
0 ifxeR-0Q

and let o be any nondecreasing function defined on [a, b] with a(a) < a(b). If P is any partition

of [a,b],thensince @ & R - @ are dense in [a, b],

and
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n

RS*(fa.P) = Y, M, (ab,) - ab,_,))

k=1

S

- ) 1 (a(xk) - a(xk_l)) (telescopes)

afr,) - ab)

> 0.

Hence,

Lfbfda=0<a(b) - aa) = Ufbfda.

We conclude that the Dirichlet function is not Riemann-Stieltjes integrable with respect to any

nonconstant integrator function o. In particular, the Dirichlet function is not Riemann integrable.

2. Let t € (a,b) and let ¢, <c,. Suppose that fis a bounded function on [a,b] that is

continuous at X = ¢ and suppose that
¢, ifx<t

ax) =
¢, ifx=t

Let P be any partition of [a,b]. Then

RS (fa,P) < Lfbfda < Uf”fda < RS*(fo,P).

Let € > 0 be given. Since fis continuous at x = #, there existsa 8 > 0 so that if
|x -] <3,

we have
fix) -fD] <& = L) -e<flx) <A +e.

Choose a partition P = { x,=a, x,, X,, x;=b } where t - 6 <x, <t <x, <t + 8. Then
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RS (f,a,P) = m, (“(xz) - “(xl»
= m, (‘32 B cl)
(D) -¢€) (e - ¢)
0 s )~ e - o)

I\

and
RS* (o, P) = M, (o)) - ofx)))
=M, (¢, - ¢)
< (A0 + ) (e ~ <)
=f0) (e, —¢)) * e e, - ¢})

It follows that

f(t) (62 - c1) -8 (62 - c1)

IA

Lfbfda
< Ufbfda
<) (¢, -¢) +e(c, -cp).

The above holds for all € > 0. Taking the limit of the above as &€ - 0 produces

fabfda = f0) (e - ¢,)

or

[ fdo = fi0 la(e) - a@).

That is, fis Riemann-Stieltjes integrable with respect to a.

3. Let a<i# <t <..<t <b. Suppose that fis bounded on [a,b] and continuous at least

atthepoints ¢, k = 1,2, 3, ..., n. Let ¢, < ¢, <c¢, <..<c, and define
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¢, ifx € [at)
¢, ifx € [t,t)
aw - & if x € [t,ty)

Ca-1 lfx € [tn—l’tn)
c, ifx € [t,b]

Generalizing part 2, one can show that fis Riemann-Stieltjes integrable with respect to o and that
25 dn =) o - ) + ) 2 - 1) = o+ ) e - )
or

o - 32 o)) - ol ).

=1

Note: A necessary condition for the existence of f b f da is that fand o not share a point of
a

discontinuity.

Theorem 79 - Riemann’s Condition for Integrability

Suppose that fis bounded on [a,b] and a is a nondecreasing function on [a,b]. Then fis
Riemann-Stieltjes integrable with respectto aon [a, b] iff for each € > 0 there exists a partition
P of [a,b] (depending on &) so that

RS (f,a,P) - RS (f,a,P) <.

Proof

(=) Assume that f'is Riemann-Stieltjes integrable with respect to aoon [a,b]. Let € > 0 be

given. Since

Lfbfda = ng RS (f0,0)

KEJ 114



where © ranges over all possible partitions of [a, b], there exists a partition P| of [a, b] such that
(i) Lfbfda - £ < RS (f0,P)) < Lfbfda.
a 2 a

Because

Ufbfda = glb RS"(f,a,0)
a 3
where © ranges over all possible partitions of [a, b], there exists a partition P, of [a, b] so that

(ii) Ufbfda < RS*(f,a,P,) < Ufbfda + %

Let P; be acommon refinementof P, and P,. By Theorem 76 and the inequalities (i) and (ii) we

have that

Lfbfda - £ < RS (fo.P,) < RS*(f.P,) < Ufbfda + £
a 2 a 2

It follows that

RS *(f,a,P;) - RS (f,0.P;) <( Ufbfda + %) - (Lfbfda - %)

(i)
=(Uf”fda —Lfbfda) + e,

Since fis Riemann-Stieltjes integrable with respect to aon [a, b],

Lfbfda = Ufbfda.
Thus, (iii) becomes
RS*(f,0,P;) - RS™(f,0,P;) <e.

(=) Suppose that for each € > 0 there exists a partition P of [a, b] so that
(iv) RS'(f,a,P) - RS (f,0,P) <.

Let € > 0 be given and let P be the partition of [a, b] corresponding to & so that (iv) is satisfied.

KEJ 115



By Definition 77,

RS (fa,P) < Lfbfda < Ufbfda < RS*(fo,P)

and so we have

Ufbfda - Lfbfda < RS*(fo,P) - RS (fa.P) < ¢.

Because & > 0 was arbitrary, we conclude that

Lfbfda = Ufbfda.

Hence, fis Riemann-Stieltjes integrable with respectto aoon [a, b]. a

Example 54
Suppose that f:[0, 1]~ R is defined as follows:

0 if x is irrational

fx) = l ifx = P s rational
q q

where 2 is a fraction in lowest terms. The graph of y = f{x) over [0,1] is shown below:

q

Fa

The function y = f{x) is continuous at each irrational x and discontinuous at each rational x. If
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a(x) = x on [0, 1], then it can be shown that fis RS-integrable w/r/t a and that f ! fdo =0.
0

Theorem 80
If fis continuous on [a, b] and « is a nondecreasing function on [a, b] with a(b) - a(a) > 0,

then fis Riemann-Stieltjes integrable with respect to aon [a, b].

Proof

We use Riemann’s Condition for Integrability to establish the result. Let &€ > 0 be given. Since
is fis continuous on the closed interval [a, b], fis uniformly continuous there. So, there exists

a 6 > 0 such that

€
x) - <=
) - )| < ot
whenever
|x - y| <8.
Let P = { x, x,, X,, ... , X, } beapartition of [a,b] with x, - x,_, < 6. Then

n

RS'(FP) - RS (FouP) = 3 (M, - my) (o(x) - x,.)

k=1

n

(f(sk) _ﬂtk)) (a(xk) - a(xk_1)) (sk, PSS [xk_pxk])

k=1

n € ]
= 2 4b) - (@) (a(x) - olx,_))

= m kz; (a(x,) - ofx,_,) (telescopes)

— 8 —
" 20 - 0@ (a(b) - «(a))

= &
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where we used the Extreme Value Theorem to obtain M, = fs,) and m, = f{t,) for some
Sp 4 € [x,_»x,]. By Riemann’s Condition for Integrability, fis Riemann-Stieltjes integrable

with respect to aon [a,b]. &

Theorem 81

If fis a monotone function on [a, b] and if a is a continuous, nondecreasing function on [a, b]

with a(b) - a(a) > 0, then fis Riemann-Stieltjes integrable with respectto aon [a, b].

Proof (Optional)
We use Riemann’s Condition for Integrability to establish the result. We assume that fis
increasing on [a, b]. (The decreasing case is done a similar manner.) Let € > 0 be given. Find

a natural number N so that

4 %9 () - fa) <.

Since o is continuous on [a, b], we repeatedly apply the Intermediate Value Theorem to find

x, € [abl, k =1,2,3,...,N-1,s0 that

a(x,) = a(@) + k ub) - o(a)

N
Then P = { x, = a, x;, Xp, ... , Xy, X,y = b } is apartition of [a, b] with
ab) - a(a)

a(xk) - a(xk_l) = N

Hence,
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N
RS*(fo.P) - RS (faP) = Y, (M, - m) (afx) - a(x, )
N
- E (f(xk) - f(xk_1) (a(xk) - a(xk_1)) )

v . a(b) - a(@)
= ; o) - M) =—————

Thus, by Riemann’s Condition for Integrability, fis Riemann-Stieltjes integrable w/r/t o on

[a,b]. &

The previous two theorems provide us with a wealth of functions that are Riemann-Stieltjes

integrable although neither result gives us a means to evaluate f b f do beyond that given in
a

Definition 77! At this point actually calculating the value of the RS-integral is still a highly

nontrivial task as the next example illustrates.

Example 55
Let i) =t> & o) = t?on [1,5] and let

Pn={x0=1,x1=l+i,x2=l+4(2),x3=1+@,...,xn_1=l+m,xn=5}
n n n n

be a regular partition of [1,5]. By the above theorems we have that fis RS-integrable w/r/t a on
[1,5]. Now,
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(o2 (s
n n n

(2048 L ( 2048 1024) 3

n* n’

n3 n*

_ | 2048 z": [N 2048 1024 | ¢ i3
5 4 5

n k=1 n n k=1
+@—@ Ek2+ E—& Ek+ §—E El
n3 n* ) k1 n? n? ) = n p?)
[ 2048) n(n+1)@n+1)(3n2+3n-1) ( 2048 _ 1024 | n(n+1)?
n’ 30 nt ns 4

n3 6 n? n? 2

, ( 768) n(n+1)(2n+1) +( 128 192] n(n+1) (g E] .
n

8 (2343 n* + 3510n° + 620n2 - 720n - 128)
15 n*

and taking the limit of the above as n - « yields 6248

. Thatis, RS™(f,a,P,) is a sequence of

6248 - 6248

real numbers converging to — Similarly, RS°(f,0,P,) - as n ~- . We can

conclude that

f fda 6248

5

The next three results gives some of the standard properties for the Riemann-Stieltjes
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integral.

Theorem 82

(1

)

3)

If fand g are both Riemann-Stieltjes integrable with respect to a on [a, b] and if ¢ and
d are any two real numbers, then c¢f + dg is Riemann-Stieltjes integrable w/r/t to o on

[a,b] and

fab(cf+dg) da =cfabfda+dfabgda.

If fis Riemann-Stieltjes integrable with respect to both aand pon [a,b] and if ¢ and d

are nonnegative real numbers, then f is Riemann-Stieltjes integrable with respect to

Yy=ca +dpand
fbfdy=cfbfda+dfbfd[3.

If fand g are both Riemann-Stieltjes integrable with respect to o on [a, b], then fgis

Riemann-Stieltjes integrable with respectto aon [a, b].

Part (1) of Theorem 82 implies that the collection of all Riemann-Stieltjes integrable

functions with respect to a fixed nondecreasing function « form a vector space over the real

numbers. Further, the function T defined by

T(f) = [ f do

is a linear transformation (in the sense of linear algebra!) from the collection of all Riemann-

Stieltjes integrable functions with respect to a fixed nondecreasing function o into the vector space

R
Theorem 83
(1) If fis Riemann-Stieltjes integrable with respect to o on [a,c] and [c, b], then fis

Riemann-Stieltjes integrable with respectto aon [a, b] and
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fdou=[°fda+ [°fdo.
[ rdu=] N

(2) If fis Riemann-Stieltjes integrable with respectto aon [a,b] andif a < ¢ < b, then f

is Riemann-Stieltjes integrable with respectto aon [a,c] and [c, b] and

fdo={(°fdo + [°fda.
[ fdu=[7Fdas [7

Proof
(1) Let € > 0 be given. By Riemann’s Condition for Integrability, there exist partitions P and

Qof [a,c] and [c, b] respectively so that

RS*(fa,P) - RS (fa,P) < %

and

RS*(fa,0) - RS (f0,0) < %

Let R = P U Q. Then R is a partition of [a, b] with
RS'(fo.R) - RS (fa.R) = (RS'(fa,P) + RS*(f0,0)) - (RS (fo.P) + RS (fa.0))
(RS'(fo,P) - RS (fa.P)) + (RS'(Fa.Q) + RS (fu,0))

+

N |,

£
2

= &

Thus, fis Riemann-Stieltjes integrable w/r/t aon [a, b].

Since

IA

f ° fda + f b fdo < RS*(fa,P) + RS*(fu,0)

RS *(fa,PUQ)
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for all partitions P of [a, c] and all partition Q of [c, b], it follows that

f:fda ¥ fcbfda < Ufabfda.

In a similar manner, we have that

Lfbfda < fcfda + fbfda.

Because fis Riemann-Stieltjes integrable w/r/t aon [a,b],

Lfbfda - fbfda - Uf”fda

and so

fbfda=fcfda+fbfda.A

Theorem 84

If fis Riemann-Stieltjes integrable with respect to o on [a, b], then | f| is Riemann-Stieltjes

integrable with respectto aon [a,b] and

fabfda < fa” /] da.

The next result relates the Riemann integral of ordinary calculus to the Riemann-Stieltjes
integral. One consequence of the result is that we will be able to evaluate many Riemann-Stieltjes
integrals by transforming them into Riemann integrals and applying the methods of integration from

ordinary calculus.

Theorem 85

Suppose that fis a bounded function on [a, b] and a is a nondecreasing function on [a, b] with

o’ Riemann integrable on [a,b]. Then fis Riemann-Sticltjes integrable with respect to o on

[a, b] iff fa' is Riemann integrable on [a, b]. In this case,

f b %) da(x) = f b fx) o/(x) dx.
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Proof
Let &> 0 be given. The result is trivial if f vanishes on [a,b]. So, suppose that

M= sup |flx)| > 0.
x€[a,b]

Since o’ is Riemann integrable on [a,b], we apply Theorem 79 to obtain a partition

P = {xy x5 ... , x,} of [a,b]so that

(*)  RS*(&x.P) - RS (&x,P) < A%

Because a is continuous on [a,b] and differentiable on (a,b), we apply the Mean Value Theorem

to each subinterval [x,_,,x,] obtaining a point ¢, € [x,_;,x,] with

a(x) - a(x,_) = a(t) (x, - x,_,).
For k=1,..,nlet s, € [x,_,x;]. Then

|a/(s) - o/(z) | (xk - xk_l) < RS*(0/x,P) - RS (o x,P)
k=1

<t
M

So, for any s, € [x,_|,x,] we have
n n

kz flsp (axp - alx, ) - kE flsp) (s (¥, - x)

=1 =1

Z} f(sk) a/(tk) (xk - xk_1) - Z} f(Sk) a/(sk)(xk - xk—l)

IA

kz; s (@) - altsp) (v, = 5, )

IA

M kz; |0ty - alsp)| (v, - %)

<ME
M

= E&.
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Since the points s, € [x,_,,x,] were arbitrary,

; fsp) (b)) - alx) < ; fisp ol(sy) (o = %) + &
< RS*(fo'x,P) + e.

n
Thus, RS*(fa'x,P) + € is an upper bound for all sums of the form E fsp) (a(xk) - a(xk_l) and
k=1

so we have that
RS *(f0,P) < RS*(fo'x,P) + e.
In a similar fashion,
RS *(fa'x,P) < RS*(fa,P) + €.
Hence,
%) [RS*(fouP) - RS"(W'xP)| < e.
Since (*) holds for any refinement of P, it follows that (**) does as well. From this it follows that

‘Ufbfda - Uf”fa’

<e&..

Because € > (0 was arbitrary, we conclude that

Ufbfda = Uf”fa’.

A similar argument shows that

Lfbfda = Lfbfa’.

Thus, fis Riemann-Stieltjes integrable with respectto a on [a,b] iff fa’ is Riemann integrable on

[a,b]. In this case, the above shows that

bfdo = [P a
f I
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Example 56

Let fi) =t3 & a() =t* on [1,5]. By Example 55 we know that st f do
1

Applying the above theorem we have

fls 3 d(r?) = fls t3 (¢2) dr

=f52t4dt
1
5
:2_1-5
5 1
=6248
—5.
Example 57
) 3 ) 2
1 d = 3 dx
¢)) fox () fox(x)
=f13x4dx
0
3 51
==X
s
:E
5

) f;)mxd(sinx) =j:/2x(—cosx)dx

. w2
= -cos x - x sin x |,

-1-Z
2

(Integration by Parts)

Note: a(x) = sin x is increasing on the interval [0, w/2].

KEJ 126

_ 6248




@ [ Ixldx*) = [* (1) @x) de + [°(2) (22) dr
0 1 2

=x2ﬁ+2x2B
=3+ 10
= 13.

The next result combines the ideas of Example 53 and Theorem 85 to yield an extremely

useful tool in the evaluation of Riemann-Stieltjes integrals.

Theorem 86

Suppose that fis a bounded function on [a,b] and a is a nondecreasing function on [a,b]. If for some
c in (a,b) we that

(1) fa’ has an antiderivative F(x) on [a,c) and lim F(x) = F(c") exists;

xX=c

(i)  fo' has an antiderivative G(x) on (c,p] and lim G(x) = G(c ") exists;

x-c”

(ii1) o has a jump discontinuity at c;
(iv)  fis continuous at c,

then

[ fdo=(Fe?) - F@) + f9) (ate™) - oe)) + (GO) - Gle™)).

The above result remains valid if o has a finite number of discontinuities and fis continuous at the

points where a is discontinuous.

Example 58
(1) Let fix) = e* and

x2 if0<x<l1
ax) =31 +2x ifl <x <2
5+x if2<x<3
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Then fis continuous on [0,3] and o has jump discontinuities at x =1 and x =2. So, by Theorem

86,
[P de = [er @ + ! (a1 - 1)
r[Ter @ de e (a2) - a@)) + [ et (1)
1 2

2(xex |(1) - ];)1 e"dx) } +e(3-1)
+2(e?-el) + e2(7-5) + (e -e?)

=2 +3e? +e3

(2) Let fix) = x2 + 3 and

~ 0 ifx=0
0L(x)_{l+x3if0<xsl

Then

[ ' fda = £0) (a(0") - a(0)) + [ ' fx) o) dx

-3 (1 —0)+f01(3x4+9x2)dx

3 +(%x5 + 3x3 |(1))

33

5

One of the standard techniques of integration in ordinary calculus was the method of
Integration by Parts. This technique remains valid for the Riemann-Stieltjes integral when the

functions involved are monotonic.

Theorem 87 - Integration by Parts
Suppose fand g are nondecreasing on [a,b]. Then fis Riemann-Stieltjes integrable with respect

to gon [a,b] iff gis Riemann-Stieltjes integrable with respect to fon [a,b]. In this case, we have
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[ fdg = Ab)2®) - Ra)gt@) - [ g df.

The proof of the Integration by Parts formula utilizes the following lemma.

Lemma

If fand g are two nondecreasing functions on [a,b] and P is any partition of [a,b], then
RS*(£.g.P) = fib)g(b) fla)gla) - RS™(gL.P)
and

RS(f.g,P) = fb)g(b) fla)g(a) - RS"(gLP).

We omit the proof of the lemma (See Kirkwood pp169-70.)

Proof of Theorem 87

Assume that fis Riemann-Stieltjes integrable with respect to g on [a,b]. Let € >0 be given. Then,

by Riemann’s Condition, there exists a partition P of [a,b] so that

RS'(f.g.,P) - RS™(f.g.P) <.

By the lemma,

RS*(fg,P) - RS (fg.P) = (Ab)g(b) - fla)g(a) - RS (gf,P))
- (AB)g®) - f)g(@) - RS*(gfP))

= RS"(g/,P) - RS™(gLP).

It follows from Riemann’s Condition that g is Riemann-Stieltjes integrable with respect to f on
[a.,b].

Thus, fand g are Riemann-Stieltjes integrable w/r/t each other and there are partitions P,

and P2 so that

RS (g - ["fdg <
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and

[’ & df - RS (efiP)) <

£
a 2

Let P3 be a common refinement of P1 and P2. Then

[ 7de - (015 - Rrs@ - [ g o) |

= ‘( fa” fdg - RS+(f,g,P3)) + {RS "(£.8.P3)
- |05 - farg@ - [* & 4] H
_ ‘( [ Fde - RS (g | + [fD2) - f)z@ - RS (efPy

- [020) - e - [* 2 o

=+

[’ dg - RS (fg.Py)

[}z df - RS (2fP)

I
®

o
o

Since &> 0 was arbitrary, we have that

[’ 1 dg - fb)2®) - farg@ - [ g df. +

Example 59

Apply the Integration by Parts formula (Theorem 87) to show that if fis a continuous, increasing

function on [a,b], then

2 2
fabfdf: f(b) 2]‘(61) )
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We now use the Intermediate Value Theorem to prove the Mean Value Theorem for

Integrals.

Theorem 88 - Mean Value Theorem for Integrals
Suppose that fis continuous on [a,b] and « is increasing on [a,b]. Then there exists a number ¢

with a <c¢ < b so that

fa"fda = fl©) f:’ do. = fle) (a(b) - a(a)).

Proof
By the Extreme Value Theorem, f assumes its maximum and minimum values on [a,b], say

M = max f{x) and m = min f{x). It follows that
xe[a,b] x€[a,b]

* <; b <
*) m_a(b)—a(a) fafda_M.

Because fis continuous on [a,b] and (*) shows that the real number given by
1 b
_ do
ab) - a(a) f a s
is an intermediate value for f, there exists a number ¢ between a and b so that

B 1 b
RO = @ - u@ [, e

We now have the desired result. a

Theorem 89 - Differentiation Theorem
Suppose that fis continuous on [a,b] and a is an increasing function on [a,b] that is differentiable

at cin (a,b). Then the function F:[a,b]-R defined by
F(x) = f * f da

is differentiable at ¢ and F/(c) = flc) a/(c).
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Proof
We show that F has a right-hand derivative at x =c. Let 4> 0 be choosen so that c+h € (a,b).
Then

Flc+h) - F(c)
h

_ % U:*"fda - [ du

[ [ du

>~

a(c+h) - a(c)

=fle) -

(MVT for Integrals).

where ¢* € (c,c+h). Since fis continuous at ¢ and o’ is differentiable at c,

lim £E = FO) _ 20y o/0).
h-0" h

In a similar fashion,
tim £D = FO _ 20y o/(0).

0" h

Hence, F is differentiable at ¢ and F/(c) = flc) a/(c). »
Setting a(x) =x in the above produces the Fundamental Theorem of Calculus of ordinary calculus.

We now consider f b fda = lim f b f, do where f, - finsome sense on [a,b].
a a

n-o©

First a little background material:

Definition 90

Let { 1, }::1 be a sequence of functions defined on [a,b] and let fbe a function whose domain

contains [a,b].

KEJ 132



(1) We say that f, converges pointwise on |a,b] to f, denoted f, - f,iff forevery x € [a,b]

we have that lim £, (x) = flx).

n—co

(2) We say that f, converges uniformly on |a,b] to f, denoted by f, - f, iff for every
unif

€ > 0 there exists N € N so that
£, - fo) | <e

forall x € [a,b].

Example 60
(1) Suppose that f,(x) = x" (n = 1, 2, 3, ... ) on [0,1]. It follows that

0 if x € [0,1)

lim £ (x) = flx) =
noo lifx =1

So, f, = fon [0,1]. Bychoosing 0 < & < 1 weseethat f, fails to converge uniformly
to fon [0,1]. Observe that each function f, is continuous on [0,1] yet the pointwise limit

f fails to be continuous there. Hence, pointwise converges fails to preserve continuity.

(2) Let {xn} be an enumeration of the rational numbers in [0,1]. (Since the set of rational
numbers is countable in [0,1], there exists a bijection 7:N - @ N [0,1] with r(n) = X,

We call r an enumeration of the rationals in [0,1].) Define

Oifx=x,1<kz<n
() =

1 otherwise

Then each f is continuous and equals 1 on [0,1] except for a finite number of

discontinuities at x = x;, X,, X5, ... , X, and

folfn(x)dx=1.
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)

(4)

Here

0 if x is rational
lim fn(x) = flx) =

1 if x is irrational

Again, f - fon[0,1] and we see that pointwise convergence isn’t sufficient to preserve
Riemann-Stieltjes integration. We note that for 0 <& <1 that f fails to converge
uniformly to f'on [0,1].

Suppose that f,(x) = = (» = 1, 2, 3, ... ) on [0,1]. It follows that

S I

lim f,(x) = fix) = 0
N0
and so f, - fon[0,1]. Now, let &> 0 be given. Find N so that % < g. Then for

n > Nandall x € [0,1] we have that | f, ) - j(x)| -1 < g. We conclude that
n

IA

1
N

f, — fon[0,1].
unif

For n > 2 define
n? x if x € [0, 1/n]
Ju®) =1 -n% (x - 2/n) if x € [1/n,2/n]-
0 if x € [2/n,1]

Then forall x € [0, 1] we have that lim f, (x) = 0. So,if fix) = 0 on [0,1],then £ - f

n—co
on [0,1]. Direct computation shows that
folfn(x)dx=1 (n>2)
and
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f ' fx) dx = 0.
0
So, here even though f - f on[0,1] we have that

fbfda #lim [ f, da.

n-oc

That is, here we have that

["lim f, do # lim [* f, do.

n-o n-©

The next result is a simple consequence of Definition 90.

Theorem 91

Let { /, }°°=1 be a sequence of functions defined on [a,b] and let fbe a function whose domain

contains [a,b]. If f, - fon[ab], then f ~ fon[ab].
unif

The above example shows that the converse of the above result is in general false. The next result

gives sufficient conditions for the converse to be true.

Theorem 92 - Dini’s Theorem

Let { /, }:=1 be a sequence of continuous functions defined on [a,b] and let f be a function

continuous whose domain contains [a,b]. If { 5 }‘”

n=

. is a monotone sequence and if f, ~ fon [a,b],

then f - fthere.
unif’

Observe that the continuity of fin Dini’s Theorem is a part of the hypothesis.

The next result enables one under certain conditions to establish uniform convergence
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without actually knowing the limit function f'in advance.

Theorem 93 - Cauchy’s Criterion

Let { 1, }""_1 be a sequence of functions defined on [a,b]. Then { 1, }""_1 converges uniformly on

[a,b] iff for every & > 0 there exists an integer N such that
£, - L] <e

forall x € [a,b] andall n, m > N.

Theorem 94

Let { f }‘” be a sequence of continuous functions defined on [a,b] and let fbe a function whose
7 In=1

domain contains [a,b]. If f, - fon[ab], then fis continuous there.
unif

Part (4) of Example 20 shows that it is not always possible to interchange the two mathematical
processes of integration and taking an ordinary limit. The next result provides sufficient conditions

(which in fact are rather restrictive!) for

[*lim f, do = lim [, do

n- n—o

to be true.

Theorem 38

Let o be a nondecreasing function on [a,b] and let { /, }"" . be a sequence of functions which are
=

integrable w/r/t a on [a,b]. If f, - f for some function f defined on [a,b], then
unif

[*lim f, do = lim [, do

n- n—o
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Example 21

Define f,(x) = x + X sin nx forn = 1, 2, 3, ... and let a(x) = x.
n
(1) Use Theorem 38 to find f (llm /, )

(2)  Show directly that f 11m f, do = lim f 5 £, do.

n-o©

Solution

(1) We first prove that f,(x) = x + X sin nx - flx) = x. We see that
n unif

L
n

|f(x) —]’(x)| ‘ = sin nx

forall x € [0,5x]. Let € > 0 be given. Find N so that 5—1\7; < g.Then for n > N and

allx € [0,5n] we have that

@) - fo)| = | Z sinmx | < 2F < 2T < g
n

N

Thus, £, - fon [0,5%]. So, by Theorem 38,

n .
unif

fos"fda=f05”hmf do. —l1mf5"f do.

n—co n—-oo

and we that
fSn x dx = 257‘[2 .
0 2
(2) By the above, f " lim f, do = f T x dx = ﬁ . On the other hand,
0 o 0 2
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lim

n—-co

f;)snf;,da _

Thus, [  lim £, da = li
0

n—co

. 5 x .
llmf1t x + = sin xn| dx
noeo 40 n
) x2  x cos mx  sin nx sx
lim | =— - + 0
) I n3
) 25 1 5@ cos Smn sin Swtn
lim - +
o 2 n2 n3
25 72

2

S®

m f fn do.
n—»ao 0
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